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A fatigue damage accumulation model based on the Paris law is proposed for
strain-rate-sensitive polymer composite materials. A pre-exponent factor c2/f and
strain-rate-sensitive exponent n are introduced. Numerical analysis of the model was
performed using experimental data obtained in the literature. Both factors were found
to enhance fatigue damage accumulation. The analysis also revealed that the extent of
damage increases with decreasing frequency and that the damage rate is more sensitive
to the applied maximum stress than to the stiffness of the material.

I. INTRODUCTION

Advanced polymeric composites have increasingly
gained applications as structural materials. Development
of advanced methodologies for assessing the safety and
reliability of these complex products has become urgent.
Fatigue reliability under severe environments and ex-
treme load is one of the most challenging issues facing
the use of these materials for structural applications. Fa-
tigue damage mechanisms in polymer composites have
been studied extensively.1–10 The evolution of damage in
composite materials consists of matrix cracking, inter-
face debonding, delamination, splitting, and fiber break-
ing. Until now, the effect of various parameters on the
stage of damage process has not been thoroughly inves-
tigated. For example, Ye divided the damage process into
two stages.8 In the first stage, damage initially increases
rapidly and then gradually slows down to reach a plateau.
In the second stage, the damage increases rapidly until
fracture. The duration of the second stage is very short,
normally occupying about 20% of the total lifetime of the
composite materials. Talreja also considered the damage
degradation as a two-stage process separated by the char-
acteristic damage state in which a stable crack pattern
develops.2 However, he suggested that the first stage is
generally 80% of the total lifetime of the composites.

Because the fatigue behavior of advanced polymeric
composites involves a very complicated process, it is
very difficult, if not impossible, to thoroughly character-
ize the fatigue failure mechanisms of these materials sim-
ply based on stress analysis alone. However, several
studies have used the Paris law, which can describe the
fatigue of metallic alloys very well, to analyze fatigue
behavior of polymer composites. For example, Wnuk11

and Lowe et al.12 have developed a Paris-law-based ex-
pression that accounts for both mode I critical stress in-
tensity factor and viscoelastic response. Ogin et al. have
applied the Paris law to analyze matrix cracking and
stiffness reduction during the fatigue of (0/90) glass-
fiber-reinforced plastic laminates.7 They found that stiff-
ness reduction is directly proportional to the density of
cracks. Using the same concept, Ye has derived an ex-
pression for fatigue damage of short-fiber reinforced
polymer composites.8 The main objective of this paper is
to develop a mathematical fatigue model for predicting
the residual properties of strain-rate-sensitive composite
materials under an action of cyclic load and a given
environmental history.

II. DAMAGE ACCUMULATION MODEL

Due to the complexity of fatigue mechanisms, it is
very difficult to characterize micro-damage in polymer
composites in terms of deformation and stress state. To
tackle this problem, it is customary to introduce a dam-
age variable to characterize the fatigue damage state. Thea)e-mail: sblee@mse.nthu.edu.tw
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damage variable D is generally described as a function of
the maximum applied stress �max, number of loading
cycles N, load ratio R, environmental conditions such as
temperature T, and material properties such as stiffness
E, as given below:

D = D��max,N,E,R,T, . . .� . (1)

Numerous approaches, including the use of residual
strength13 and remanent life,14 have been introduced to
describe the evolution of fatigue damage in composite
materials. Change in material stiffness, which has been
adopted by many researchers,1,4,5 is utilized in this study
to express fatigue damage in composite materials. The
damage variable D is defined as

D = 1 − E�E0 . (2)

Here, E0 and E are the initial and current stiffness values
of the material, respectively. Obviously, D � 0 means
the material has no damage, and D is less than unity
because E is always greater than zero before the material
fails. D � Dc (<1) represents a damage state at which
catastrophic failure occurs.

Based on the Paris law, Wnuk11,12 derived an expres-
sion for fatigue crack growth da/dN in polymeric mate-
rials that included both mode I critical stress intensity
factor, KIC, and viscoelastic response, i.e.,

da

dN
= �1��K

KIC
�m

+
�2

f ��K

KIC
�n

= �1�2�aSa
2

KIC
�m

+
�2

f �2�aSa
2

KIC
�n

, (3)

where pre-exponent factors �1 and �2 and exponents m
and n are the material constants, f is the test frequency, a
is the crack length, N is the number of loading cycles, and
Sa is the fatigue stress amplitude. The mode I critical
stress intensity factor KIC is a material constant, which is
determined by the sample geometry, materials micro-
structure, and tensile strength.

Although the mechanical properties of a polymer are
different from those of its counterpart composite mate-
rial, the fatigue a-N curves for the two materials are
similar to one another. For these materials, crack genera-
tion followed by crack propagation is the dominant dam-
age mode. Crack size is, therefore, generally assumed to
be proportional to the damage variable D. For polymer
composites, the size and number of cracks increases with
the number of loading cycles before catastrophic failure
occurs. The stress intensity factor at the ith crack tip is

Ki = KiA + �
j�i

Kij , (4)

where KiA is due to applied load and Kij, the stress in-
tensity factor at the ith crack tip arises from other cracks

j, debonding, delamination, etc. Ki has been found to
increase with increasing square of maximum applied
stress and decreasing distance between cracks.7 The av-
erage distance between cracks is equal to the reciprocal
of crack density, which is proportional to the damage
variable. That is, Ki is proportional to �2

max/D. Following
the above argument, we can define a damage accumula-
tion function for polymer composite materials as:

dD

dN
= c1��max

2

D �m

+
c2

f ��max
2

D �n

, (5)

where pre-exponent factors c1 and c2 and exponents m
and n are material constants, �max is the maximum ap-
plied stress of each loading cycle, and c2 and n corre-
spond to the strain-rate-sensitive parameters. When
c2 � 0, Eq. (5) is reduced to that proposed by Ogin
et al.7 and Ye.8 It should be noted that this equation is
independent of R, the load ratio. Generally speaking, the
parameter R plays an important role in metal fatigue
behavior. However, in the case of polymeric composites,
very few data are present to support the effect of R on the
damage growth rate. Hence it seems that it is acceptable
to exclude R in Eq. (5), at least in the case of polymeric
composites we studied.

Assuming m > n and integrating Eq. (5) with the initial
condition D(N � 0) � 0, we obtain

N =
�max

2

�m + 1)c1
� D

�max
2 �m+1

+ �
i=1

�
�max

2

��m − n)i + m + 1]c1
�−

c2

c1 f�i� D

�max
2 �(m−n)i+m+1

.

(6)

According to Ye,8 if the critical damage level Dc can be
determined by a certain criterion, the duration of the first
stage Nf can be predicted that covers most of fatigue life.
On the other hand, if n > m, the solution of Eq. (5) with
the initial condition D(N � 0) � 0 is

N =
�max

2

�n + 1)c2
� D

�max
2 �n+1

+ �
i=1

�
�max

2

��n − m)i + n + 1]c2
�−

c1

c2 f�i� D

�max
2 �(n−m)i+m+1

.

(7)

Under this situation, the fatigue damage behavior is
dominated by the strain-rate-sensitive parameters.

III. NUMERICAL RESULTS

For the random short-fiber sheet moulding compound
(SMC) composite subjected to tensile fatigue loading,
Ye8 obtained a value of c1 � 1.21 × 10−39 and m �7.43
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FIG. 1. Change of stiffness as a function of number of loading cycles:
(a) frequency effect and (b) strain-rate-sensitive exponent effect.

FIG. 2. Damage rate as a function of the maximum applied stress: (a)
frequency effect and (b) strain-rate-sensitive exponent effect.
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when c2 � 0. In this paper, we use the data of Ye and
investigate the influence of c2/f and n in the second term
of Eq. (5) on the fatigue life of polymer composites.
Figure 1(a) shows the effect of c2/f on the damage evo-
lution where n � 7.4. For a given N and �max, the stiff-
ness decreases with increasing c2/f. If c2 is constant, the
stiffness increases with increasing frequency. Since
the extent of damage increases with decreasing stiffness,
these results imply that the extent of damage increases
with decreasing frequency. It is reasonable to stipulate
that the material has more time to respond to the vis-
coelastic deformation at the low frequency than at the
high frequency. According to Fig. 1(a), the stiffness de-
creases with an increase in the number of loading cycles
for a given maximum applied stress. Further, for a given
number of loading cycles, the stiffness decreases with
increasing maximum stress. If Dc � 0.3 for the critical
damage variable (i.e., Ec/E0 � 0.7), the number of load-
ing cycles increases with decreasing maximum stress and
increasing frequency. The effect of n on the damage evo-
lution for c2/(c1 f) � 0.9 is displayed in Fig. 1(b). For a
given number of loading cycles, the stiffness decreases
with increasing n. As illustrated in Fig. 1, the second
term of Eq. (5) always enhances the fatigue damage in
composite materials.

In Figs. 2(a) and 2(b), the variations c2/f and n on the
curves of damage accumulation rate versus �max are
presented. For a given �max and E, the damage accumu-
lation rate increases with c2/f. That is, the damage accu-
mulation rate decreases with increasing frequency. It also
decreases with increasing stiffness, but increases with
increasing n and maximum applied stress.

IV. SUMMARY AND CONCLUSIONS

We developed a model based on the Paris law to in-
vestigate the fatigue damage accumulation for strain-
rate-sensitive polymer composite materials. The analysis

has shown that the fatigue damage of these materials is
sensitive to the frequency and strain-rate-sensitive pa-
rameters. The damage rate is found to increase with a
decrease in frequency. For the same maximum applied
stress, the effect of strain-rate-sensitive parameters on the
number of loading cycles is more pronounced for low
stiffness materials than for high stiffness ones. Further,
for the same stiffness, the influence of strain-rate-
sensitive parameters on the number of loading cycles is
more pronounced for small maximum applied stress than
for large applied stress.
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